FIELDS OF PARALLEL VECTORS IN A RIEMANNIAN
GEOMETRY*
BY
LUTHER PFAHLER EISENHART

1. Introduction. Consider a space V, of n dimensions whose fun-
damental quadratic form is

1.1) ¢ = gidat dal Gg=1,-.-,m),
where the g’s are subject only to the condition that their determinant

(1.2) 9 = lgil

is not zero.t We do not impose the condition that ¢ is definite. We
define the metric by

(1.3) ds® = egy dat da/,

where e is plus or minus one according as ¢ is positive or negative for
a given set of values of the differentials.

Consider any curve C in V, which is not of length zero, that is for
which ¢ is not zero, and assume that the coérdinates a* at points of C
are functions of s measured from some point of C along it. Let A’ be the
contravariant components of a unit vector field in V,, that is

gul‘ll == e

where e is plus or minus one. In accordance with the concept of parallelism
in V,, due to Levi-Civita, we say that the vectors of the field at points
of C are parallel to one another with respect to C, if

() =G i) =0

where A’ is the covariant derivative of A, {jlk} being the Christoffel sym-

bols of the second kind formed with respect to (1.1). When
* Presented to the Society, February 28, 1925.

T We use the customary convention of summation indicated by a repeated index.
563
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(1.5) V=0,

and only in this case, any two vectors are parallel to one another with
respect to any curve passing through their points. In this case we have
by definition a field of parallel vectors.

Fields of parallel vectors for geometries of paths have been considered
by the author* and by Veblen and Thomas;t the results of the latter can
be used to give in invariantive form the conditions that a Riemannian
space shall admit one or more fields of parallel vectors. In the present
paper we derive the canonical forms of (1.1) for such spaces.}

2. Canonical codrdinate system. Suppose that a V, is such that
equations (1.5) admit p linearly independent sets of solutions, 44 for
6=1,-..,p and ¢=1,...,7n§ In any other coordinate system, z'*,
the components ig° are given by

2.1) Vo = A

If we take the system of p differential equations

j 080

dxt =0

(2.2) X:(0) = 2
and apply the Poisson operator, we have in consequence of (1.5)
X X, — X, X)) 6 = 0.

Therefore equations (2.2) form a complete system, and consequently admit
n—p independent solutions.|| If we take them for the coordinates
P ..., &', it follows from (2.1) that l{,]t =0 fort=p+1,-.-,n.
Again if we omit one of the equations from (2.2), say X,0 = 0, the
remaining system is complete and admits in addition to z®*7, ..., 2 an-
other independent solution 2’”. In this way the z’s are defined so that
all of the components of the A’s are zero except those with the same

*Proceedings of the National Academy of Sciences, vol. 8 (1922), pp. 207-212.

+ These Transactions, vol. 25 (1923), p. 589.

1 The case of spaces admitting one field of parallel vectors was considered by Levi-
Civita, Rendiconti del Circolo Matematico di Palermo, vol. 42 (1917), pp. 173-205.

§ Unless otherwise stated, it will be assumed that Greek indices take the values 1,...,p
and Latin 1,...,n, throughout this paper.

|| Goursat, Lecons sur U'Intégration des Equations aux Dérivées Particlles du Premier
Ordre, p. 52.
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subscript and superseript. If it is assumed that these vectors are unit
vectors, we have in the new coordinate system

1
(2.3) }'g|6 V;——g——} a'(F]t == 0 (6= 17""?; t'—‘ l ”’ t:i:o‘)
0 J 060

When these expressions are substituted in (1.5) we get

ol _
- :c" logV ggs — {k of =0 (¢ not summed),

[J1 ey
e =0 @=1,upijik=1,---,n;j¥0).

If we multiply the first of these equations by g, and subtract the second
multiplied by gi and summed for j, we get the equivalent set of equations

Yot 3%"‘ IOngaa —[ke, 1] = 0,
that is

dgia _ 99a | Ogks
(2.4) Ia 5 08 gaa— 0 — 5+ 5 = 0.

For the case & = o, these equations reduce to

0 9a )= e 0 V;—:q_‘
82" \V'eg gos oot a7

In accordance with these equations we define p functions y, by

Ve = e 3% Yol _ a"po'
s Yoo ¢ 8:126’ ‘Veagw o’
from which we have
0Ys 0y,
(2.5) Ja = eo'?x? PR

From these expressions it follows that v, must involve ¢, otherwise the
space is of less than 7 dimensions.
Again if neither % nor ! in (2.4) is o, we have

Y5 0Yg (a=1,---,p;k,l=1,o~,n;)
Prio ’

(2.6) g = ok oA ktalto

where ¢4, is a function independent of 2°.
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From (2.5) and (2.6) it follows that for each value of ¢ the fundamental
form can be written

¢ = ec(@Ye) +grsda’da® (r,s=1,---,m;7%0,s%0),

where g, are independent of z°. If then we put 2’” = ¢°, 27 = 2’ (j$0),
the curves of parameter 2’° are the same as those of parameter z°, and
these curves are geodesics.* Hence we have:

When a Vyn admits p independent fields of parallel vectors, the vectors of
each field are the tangent vectors to a congruence of geodesics.

Conversely if the fundamental form of any space is reducible to the form

2.7 9 = e dat + grs da” da (rys=2,.--., m),

it is found from (2.4) that a necessary and sufficient condition that the
tangents to the curves of parameter z' form a parallel field is that g,s be
independent of z'. In this case all the spaces x' = const. have the same
fundamental form and consequently any one of them can be brought into
coincidence with any other by a ¢ranslation, that is by a motion in which
each point describes the same distance along the geodesic normal to the sub-
space. In the case p =1 the space admits p independent translations; thus
any two of the sub-spaces of each of the family of sub-spaces ¥, = const.
can be brought into coincidence by a translation.

If in particular we take Y= z°+ ¢ (Pt ..., 2") for ¢ =1, ..., p,
it follows from (2.5) and (2.6) that for a V, with the fundamental form

28) 9 = (da)'+ - +ep(@a?)’ + g da® daf («,8=p+1,---, ),

where g,g are arbitrary functions of Pl ... 27 the tangents to curves
of parameters «!, -.., 2 form p fields of parallel vectors. We proceed to
the determination of the general solution.

3. When p>1. When p>1, we have from (2.5), on equating the two
expressions for g,,,

DY, DYy 0y, DY,

3.1 e = e ,
3.1) ® 92" 9a" " 9% 927
and from (2.5) and (2.6), on equating the two expressions for g, and g4
respectively,
0 Yg\? 0y \?
eo‘( .r)‘i'ff-rw:er( ,)’
(3.2) ox ox'/
8 w‘l‘ 2 _ a 1206' 2
r 22° + Soor = 86(8:1:6 .

* Bianchi, Lezioni, vol. 1, p. 337.
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When these equations are differentiated with respect to z° and 2f
respectively, we obtain

2P, 0, 2y, 'Y,

Cq —e - 0
T 92t 92"0a T o2" 9x°9s" ’
oY, 824'6 oY, 321/’1'
o 2% 920" T 0a° 8a%0a%
Hence either
oy 6%y
(3.3) = =0,
ax’ 0" 2x°0x"
or
3.4) 0 Oy 0Y, oY,
' Ax" 9a° 9x® 027

If (3.4) holds, it follows from (3.1) and (3.2) that ¢s = ¢rre = O.
This case will be considered in § 7.

From equations of the form (3.3) it follows that the functions vy, must
be of the form

= eo’fo' (xdy xp+l, M) xm)

+ F xi’...,xa‘l’x”‘i'l,...’gyp i ...’;1;'”) (o‘:l e ),
[ ) ’ ’ ,p

3.5) Yo

From the remark following (2.5) it is seen that f,; must involve 2°. More-
over it is understood that f, does not have any additional function in-
dependent of 2° since all such terms are included in F,.

It dy/o2" =0, so also is 8y, /02 = 0, as follows from (3.1). These
exceptional cases are taken care of by (3.5).

Substituting from (3.5) in (3.1), we get

oF,  oF,
02’ ax’t

3.6 = .
@.9) of — of,
o oxT

Since the first and second members of this equation are independent of
aF and z° respectively, they are independent of both. Consequently we
replace (3.6) by

8 F, 3 o F 8
3902 - 8‘2;‘""” 8.7;: = _B%wﬂ @r=1,pato),

(3.7)

where w.q (= wge) is independent of 20 and 7.
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4. When p = 2. When p = 2, we have from (3.5) and (3.7), since
wgr iS symmetric,
(4.]) u’az e(;fg‘i“.AfT"*‘Bo (ﬂ,T:1,2;G*1),

where A, B, and B, arc independent of z' and 2?®.
For the general case we have from (2.5) and the expressions for ga from
(2.6) the equations of condition

atpa 81/}6 . 6(!/-1. a('[/.r ((f:l,...’p;l:l’...’n;)
(4.2) e 92 o2t ér 90 ot + e l, 0,1+ .

When p =2 and we take o =1, =2, /=3, .. .. n, this condition for
the expressions (4.1) becomes

0

) 24 |, B . :
a{c}‘ [f o2l T o @ T B)—edigy (Af‘+B2)J—9”“"3 = 0.

Since 98 f;/dx' 4+ 0 and all the terms except f; are independent of z?, it
follows that A must be a constant.

There remain for consideration the equations which arise from (2.6) on
equating the expressions for each g (k, =3, ..., n) foro =1, 2. Since
o and g2 may be any functions not involving «' and z® respectively, we
find that these conditions are satisfied, because 4 is a constant. In arriving
at this result we take

g = x5 g (& ot B (oo fort B — s (A fo+ B (4o +By)

“-3) B, 0B
+el—5—x—’1— ax; +C'I.'la

where Cj; are arbitrary functions of z®, .... 2", Then we have

1,2
=2 ea%,,— (eo fo - Ba){;—, (¢o fs- Bo)

(4.4)
0fi 0fs | 0fi Ofs
T4 (EF 5l T 3 axk)+0k"

Hence we have the following theorem:
When f, and f; are arbitrary functions of x*, x%, ---, 2™ and 2%, 28, ..., 2™
respectively, A is an arbitrary constant, and B, and B, are arbitrary junc-
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tions of %, ..., x*, the functions (4.1) determine a V, with two fields of
parallel vectors; and Ciq in (4.4) are also arbitrary functions of 2% - -, 2.

5. When p = 3. If p>2 and we express the condition of integrability
of two of the first set of equations (3.7) for two values of ¢ different from z,
say « and 8, we find by considerations similar to those applied to (3.6)

0 Dra of ﬂ dwrg _a_fa

«, B, r=1,..., B
— = = L, E s " e ( S P )’
ot 8af o o a, B, 7}

where @ ,5(= ©.4,) is independent of 27, 2 and 2%, and consequently
(6.1) Wrg = fﬂ "’raﬂ+ Qrag:

where .44 is independent of 4, 2 and 2®. Since wg, = 0y, 0,z must
be symmetric in 7, « and 8, and ¢,z in 7 and «. For p =3, we have
from (3.7) and (5.1)

(5.2) F, = AH;(fa) -+ ;‘; By, ftx+ Co (e6=1,2,3),

where [, (f,) means the product of all the f’s except f; and X indicates
[ «

the sum for « except ¢ = o; also A, Bg, = B, and C,; are functions
independent of ', 2* and 2

If we substitute in (4.2) the expressions Y, = ¢; f4 -+ Fy, where Fy is
given by (5.2) and similarly for y., we obtain equations of the form

0fs 0 0,0,1=1,2,3; ¢,0,7F
e ’ U] ) J— * (] »
e Frgai Ue A Bar)+ @00 = 0 ( AN I’m*),

where @, does not involve z°. Hence
0 .
S (fod+Bg) = 0.

For 1==9 we get 4 =0, and for other values of / it follows that the
B’s are constant.

When as in § 4 we equate the three values of each g (k,1 = 4,---,7n)
obtained from (2.6) by taking ¢ = 1,2,3, we find that these equations
are consistent in view of the above results. Moreover, the functions ¢y
are of the forms

36
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] . . .y 0 .
Pric = era_mk(er.ff'FBrg.fg'{'(r) Do (e,j,-I-B,(, (A'I"Cr)

, of. of.
— ey Bgr 3 9 T Droe

- 0 . 0
(6.3) = gz (oSot Brotet C)5r (eofot BeofoCp)

0fp O,
—e,B 39 6_5‘ 3—7{} + Dklo‘g

(¢,0,7v = 1,2,3; 9,0,7 %),

where D,y (= Djypq) is independent of z® and 2. These two expressions
for ¢, are seen to be consistent, if we take

0y 0y | 3y 3C, | 3f, 0C,

Duoe = €0 50 T 52% 50 T 0 30k

0 . v, 0 .
(5.4) T rra (Brg .fg +C) Py (Brg .fg + ()

9 0 .
o5 (Bag fo + Co) 577 (Bay fo + Ca) + Eitgre

where K., arve arbitrary functions of a4, ...,2% Hence we have the
N
following theorem:
The functions W, defined by

Yo == ¢g.1s +2¢; Bg, fu + 00.-

«

where the f; are wrbitrary functions of x° a#, ..., 2% the B's are constants
symmetric in their indices and the C’s are arbitrary functions of xt, .-, a™,
determine a V, with three fields of parallel vectors; and E,‘,m, n (5.4) are
arbitrary functions of at, ..., a"

6. When p >3. In this case we have from (5.1) equations of the form

(6.1) fp Orap + Orap — f;' Oray + Oray (r,e,8,7 %).

If this equation be differentiated with respect to «® and a7, the resulting
equation leads, by considerations similar to those applied to (3.6), to

Bonas 0y 00y Op
oa’  owr aaf  aaf
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where .5, is symmetric in g and y and is independent of 27, 2% e
and x”. From these equations we have

wraﬂ - b4 wraﬂy + Qmp;') "’ray = fﬂ wﬂt}’ﬁ + Q‘ra}/ﬁ?
and from (6.1)

Crag = Crayp g5 Y +e Crapy> Oray = Crapy J ﬁ + —e—wyﬂ .

By continuing this process, we find as the general solution of (3.7)

= A, H (f«)+(2' g, ] 1, (f.,>+2 Aggo, ILO NUAR
(6.2) ‘ , R
+, 2o ...91,_2H,,gi,,,gp_z(f“)Jrcz,,

90y

where the A’s and C’s are functions of &+, ..., 4", the symbol X means
Q9
the sum for all different combinations of different ¢’s taking the values

1,..-,p except ¢ and only one such term for each combination; and
H:"’r"o means the product of the f’s except f;, fgl, ooy fo . In order
o Sr r

that (3.1) be satisfied, we must have 4, == 4, = ... = 4, = A and the
other A’s must satisfy the conditions
(6°3) AG{’,"‘('r = Aw;"’?r (d) Ty Quy vy O *)'

When these exp1e<sions are substituted in (4.2), the latter are reducible
to the form @, f. 4+ ¥, =0 where @, and ¥, are independent of »7.
Accordingly they must vanish. The first of these conditions is

AT o+ Zec g, [ 150y, 00

(6.4)

—I_ezoof‘l‘m.i’:rlm’oo (j“)++D0‘T] =0 (l96?t*),
where )
(6'5) D‘" = A"?,"'(’I,._;. = A‘rgl-- 0y (Ql) ceey Op-2, 0,7 :*—).

When [ takes a value 1, ..., p, different from ¢ and =, say o, the above
equation becomes

afe [ Hgar (f) + 2 or o, Hm (fe)
+ 2or dage, HQ.,,QIQQ (fo)F - Bpe) = 0,
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where

A"?l : ~p—t Ar{)l-uo = A??;"'gp—s (Qly"’)@p—il, 0 0',‘[2*2).
Since 3 fe/ 0x¢ 0, it follows from the above equations that 4 and all
the A’s with less than p — 1 indices are zero. And from (6.4) for I=p-+1,...,n
we have that the D’s (6.5) are constants. Hence from (3.5) and (6.2) we have

(6.6) Vo = tototZaDecfit Co (0,0 =1, p; 04 0),

where the D’s are constants symmetric in the subscripts and C, are
arbitrary functions of x?*1, ..., z".

When now we equate the ) expressions for each of the functions
gk, l=p+41,...,n) obtained from (2.6) by taking 6 =1, ..., p, we
find that these equa,tions are consistent and that the functions ¢ue involve
additive arbitrary functions of xP*!,... 2" as shown in §§ 4, 5. Thus
the theorems of these sections can be generalized to any value of p <Imn.

7. When one or more of the functions ¢, in (3.2) are zero.
If 9ge = O in the second of (3.2), it follows from this equation that
e = e, if the functions are to be real. From this equation and (3.1)

we have then
_ (”?&7-\)‘.’ ('a-g/f_)? _ (8 'lf“)ﬁ
8’ !’ \ o’ axt/’

ELAY
w2
(1.1) P
and from the first of (3.2) we find that ¢, == 0.
If we take 0 =1, v = 2, from the first of (7 1) it follows that

(72) Y = ey, +q’ly

where ¢ = 1 and ¢, is independent of x'. Substituting in the second of
(7.1), we obtain

0. 0 39’1) 0y
(2 9t dx?/ 92 = 0.

Assume that 2¢,/82* 4 0; then

(1.9) b = o= (92 —9)
. 1 %¢ P2 — 9

where ¢, is independent of x? and from (7.2)

Y, = ‘;—(%‘*“Pn)-
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Substituting in (3.1), we get 8 ¢,/d2' == 0. In this case ¥, is independent
of z' and from (2.5) we get gu =0 =1, ..., n), which is impossible.
Hence ¢, must be independent of x?, and accordingly we write (7.2) in
the form

(7.4) Y; = ey + 9y,

where ¢, is independent of x' and z*.
When the expression (7.4) is substituted in (4.2) for ¢ = 1, v+ = 2, we get

9 2
& aill a?;lg +€Pll2 =0 (l=3} ) n)'

Differentiating with respect to z?, we obtain

Y 89 __
dxtax® dxt )
Hence either

(7~5) wl - .fl ('1'17 933, tty xn) +j2 (xz: xay ct JJ“),
or ¢, is a constant. In the latter case we have from (2.5) and (7.4)

du, 8 sy, 8
ai: al’a:ll’ gu = @ ataf: ai‘l @

qu = e

Then the fundamental form may be written
9 = el(dlp‘)’-i-gap da® daf (¢, 8=3,.--, m),

that is, the space is a V,—-; at most. Hence (7.5) is the only solution.
It is readily found that the two expressions for any g (k, 1, = 3, ..., n)
and for ¢ = 1, 2 from (2.6) are consistent under the above conditions.
From the foregoing considerations it follows that the particular cases
when one or more of the functions ¢, in (3.2) are zero arise only when
constants D, in (6.6) have certain values.
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